Abstract: Knowledge of the Racah afgebra for the higher unitary groups is ,exploited to give a general formula for the partial widths for the direct product subgroup U(N/k) x U(k) of the full unitary group U(N) of a given shell model vector space. This formula makes it possible to separate the second moments of d~amical operators into the internal and external parts which are needed for detailed applications of the spectral distribution technique. Specinc applications are made for k = 2 (isospin) and k = 4 (Wigner supermultipIet symmetry). Explicit expressions are given for the isospin breaking contributions to the spectral widths which make it possible to estimate the intensities of isospin impurities in au average state of a given isospiu. The goodness of Wiguer supe~ultiplet symmetry is examined for the 2s-Id shell with a detailed example, the A = 25 nuclei, for which partial widths have been calculated for various mod&cations of the Kuo-Brown interaction to give a simple measure of the amount of mixing to be expected between states of different space symmetry.
Introduction
Recently French and collaborators l -3 have shown that spectral distribution ) methods may prove to be a powerful alternative to the conventional techniques of "microscopic" nuclear spectroscopy with its limitations to shell model vector spaces of manageable dimensions. The usefulness of the spectral distribution method stems from the fact that the low-order moments of dynamical operators are usually the most signi~c~t quan~~es. In estimating, for example, the distribution in energy of the states of some fixed symmetry, it is sufficient to calculate the low-order moments of the Hamiltonian, averaged over the subset of many-particle states belonging to a. specific irreducible representation of the relevant s~etry group. The first moments of H give the centroids of the various irreducible representations, while the spectral widths of the irreducible representations are governed by the second moments of W. So far the most detailed applications of spectral ~stributio~ techniques to the higher symmetry groups have involved the unitary groups such as U(4) and SU(3), particularly for nuclei of the Zs/ld shell 4-7). Since the average of H, Hz, . . . over an irreducible representation u] involves a sum of diagonal matrix elements with equal weight for all states of tfl, only the scalar (invariant) pieces of H, Hz, . . . can make contributions to such averages. The calculation of such averages is then partic~arly t Present address: Physics Dept., University of Rochester, Rochester, New York 14627.
tt Work supported by the US National Science Foundation. 28.5 simple when the Casimir invariants of the symmetry group in question furnish a sufficient number of invariant operators to reproduce the averages of H and Hz. This is the case for the direct product subgroup U(N/K) x U(k) for the full unitary group U(N), where N is the total number of available single-particle states for the shell model space in question, (e.g. N = 24 for the 2s-ld shell), The cases k = 4 {Wigner supermultiplet symmetry) and k = 2 (isospin symmetry) have the greatest physical significance. Parikh ") has calculated the centroids and widths for all irreducible representa~ons of U(4) and, nuclei in the 2s-1.d shell by exploiting the fact that averages of H and Hz over an irreducible representation [f] can be expressed solely in terms of particle number and the Casimir invariants of SU (4) . Since the widths in general turn out to be comparable to or larger than the spacings between the centroids of different irreducible representations, the goodness of SU(4) symmetry for the 2s-ld shell is in question. The simple width to spacing ratios, however, cannot give a reliable measure of symmetry breaking since two overlapping representations can coexist without strong mixing. To gain a measure of the average admixings of different irreducible representations it is important to know what part of the width comes from intermediate states in the irreducible representation [f] itself, and what part from states outside of u], The detailed app~cations of the spectral distribution method require a separation of the second moments into such internal and external parts "), These partial widths can no longer be determined from the group invariants alone but require a knowledge of the Racah algebra of the group. The averaging over states of an irreducible representation, however, eliminates all Wigner coefficients, so that a knowledge of the Racah coefficients for the relevant symmetry group is sufficient to determine the partial widths.
Since many of the symmetries associated with the vector space of the nuclear shell model are highly approximate, it is important to develop simple a priori tests for the goodness of nuclear symmetries which can give a measure of symmetry breaking to be expected before a detailed decomposition of complicated n-particle functions into irreducible represen~tions of a given symmetry group is carried out. In many cases the realistic effective interactions used in shell model c~culations have now been fully classified as to their irreducible tensor character under some of the higher symmetry groups 8-1o), making it possible to compare the relative strengths of the symmetry breaking and symmetry preserving terms of the Hamiltonian. However, it is not clear how these strengths are best weighted. The most straightforward weighting may give a reliable measure of symmetry breaking only for the two particle system, while it may overestimate the extent of symmetry breaking in systems of. larger numbers of particles ll)_ Since the spectral distribution technique serves to propagate information from systems of small particle number to systems of arbitrary particle number, it is particularly suited to test the goodness of nuclear symmetries in complicated many-p~ticle systems. The s~et~ breaking contribution to the width, connecting representation Lf] to representation Lf'], gives a simple quanti~tive measure of the amount of symmetry breaking for an average state of [jJ. The use-fnlness of such partial widths in estimating mixing intensities has been investigated by Parikh and Wang r2). However, the actual calculation of partial widths to data has been limited to very simple systems for which the shell model matrix diago~a~~zation has been carried out and the detailed shell model wave functions are therefore known. Since it is the aim of the spectral distribution technique to avoid complicated matrix diagonalizations and indeed give spectral information where such diagonahzations are impossible, it is important to be able to calculate partial widths for the higher symmetry groups by simple techniques which do not require knowledge of wave functions.
It is the pnrpose of this note to show that recent progress in our knowledge of unitary group Racah coefficients has made it possible to give relatively simple expressions for the partial widths for the direct product subgroup U(~~~)X~~~) of the full unity group U(N) of a given shell model vector space. The partial width formula is presented in sect. 2. Some of the details of the derivation are relegated to an appendix since they require considerable group theoretical language. The results, however, can be expressed in terms of a few snms over products of unitary group Racah coefficients. These sums are simple functions of the axial distances associated with the Young tableaux for the irreducible representations tf]. They are tabulated in appendix 2. App~cations are made for both the case k = 2 (isospin) and k = 4 (Wigner superm~~~let symmetry j_ Although isospin distributions in nuclei have been treated in great detail by alternate techniques 13), the detailed application of the Racah algebra for the unitary groups makes it possible to give very explicit but general expressions for the isospin breaking contributions to the widths, and these are presented in sect. 3. Although the general partial width formula For ~~~~k~ x U(k) should prove useful in many applications of the spectral distribution method '), the application of greatest interest in the present study involves its use as a simple a priori test for the goodness of higher symmetries in nuclei. As an example it is used to test the goodness of space symmetry (or Wigner supermultiplet) quantum numbers in the 2s-Id shell, that is as a test of U(6) x U(4) s y mmetry. A detailed ap~lica~on is given in sect. 4 to the line-p~~cle system of the 2s-ld shell (A = 25) for which partial widths have been calculated for a few of the effective interactions which have been used in successful shell model calculations in the 2s-ld shell. These partial widths give a simple measure of the amount of mixing to be expected between states of different space symmet~ and can thus be used to decide how (or whether) a shell model matrix for the A = 25 system can be truncated in terms of space symmetry quantum numbers,
The partial width formula
The distribution in energy of the states of some fixed symmetry (specific i~ed~cib~e representation of some s~etry group) is determined mainly by the centroid and the dispersion of the Hamiltonian. The centroid for the irreducible representation jtf], the average energy expectation value for lf], is given by where Nf is the total number of states in '1, and where p stands for a complete set of subgroup labels which specify the states of If]. The width of the spectral distribution for u] is related to the dispersion (2) In order to separate the dispersion into an internal (symmetry preserving) and an external (symmetry breaking} part, the matrix elements of Hz are split, to separate contributions which arise from matrix elements of W o~diagonal in @'] from those diagonal in [f] , (41 may provide a quantitative measure of s~metry breaking. In the limit in which 11' < 1, (perturbation theory), the ratio x2 measures the total intensity of the admixture of all states of tf'] into an average state of [f] . Even if x2 is not very small, however, its magnitude can be used to give a qualitative measure of the amount of admixture of tf'] into an average state of tf]_ The Racah algebra needed to calculate the partial widths is particularly simple if the symmetry group is a unitary group or a direct product of unitary groups, such as U(Q) x U(k), with L2 = ~~~, where N is the full dimension of the singleparticle shell model vector space. In the latter case the representations can be labeled by the symmetry quantum numbers for U(Q), v] = VI.& . . .fn], with &fi = n. The partition numberfi specifies the length of the ith row of the Young tableau which characterizes the symmetry of the n-particle space wave function for the case k = 4 or:the space-spin wave function for the case k = 2, (fi 6 k). The representation [y] of ,U(k) which characterizes the symmetry of the n-particle spin-isospin function (k = 4) or isospin function (k = 2) must be contragredient to Lf], that is [f] is obtained from Lf] by a row w column interchange of the Young tableaux. Since [p] is determined by Lf] it can be omitted in labelling the n-particle states: I If]p) = 1 ~Jc$>. The subgroup labels p have been split into two parts; a stands for a complete set of subgroup labels for U(G), /I for a complete set of subgroup labels for U(k). In eqs. (1) Wybourne 14) . J Since only the scalar [U(Q) and U(k) invariant] pieces of H, NZ can make a contribution to the averages of .EI, H2 over an irreducible representation If] ([I]), it will be useful to decompose H into irreducible tensor components under these unitary groups. As usual, the Hamiltonian will be expressed in terms of single-particle creation and annihilation operators u+, a = (u')'. The U(a) x U(k) irreducible tensor character of these operators is given by .I-= t(Cz+)~ff,"', a rtll = (II";F~~~~~,wY,~~~~~~l~-~~. The subgroup labels ol*, p* refer to states in the conjugate subgroup representation. For the single-particle representation, and U(G) x U(4) for example, 611. = Im, and cc; = I, -ml; while pi = +ms, +m,; 1: = 3-m,, +-m,; in terms of the usual orbital, spin, and isospin angular momentum quantum numbers. As always, the phase factor ~(a, j9) introduced by the conjugation process is somewhat dependent on phase conventions. Since all %a1 results of this investigation will be independent of such phase factors (appendix l), no specific choice of phase convention needs to be made. mote that in coupling operators u it is advantageous to use the irreducible tensor form t(e) of eq. (5) .]
Using Wigner coeflicients for the groups U(Q) and U(k), the two-particle operators can be coupled to components of definite irreducible tensor character in fig. 1 Since the notation for the group U(Q) x U(k) is somewhat cumbersome, the details of the derivation of the partial width formula will be relegated to appendix 1. The spirit of the derivation, however, will be illustrated by decomposing the average of a much simpler operator, 6J2, into partial widths. It will be assumed that 0 can be expressed solely in terms of spherical tensor operators; that is, the full symmetry U(Q) x U(k) is replaced by a much simpler symmetry corresponding to some group SU(2) or R(3). The operator 0 is assumed to be hermitian with spherical tensor decomposition where the U-coefficients in'the denominators, with J = 0, are merely convenient ways of expressing simple dimensional and phase factors. In all applications to physical problems, simple groups W(2) are always imbedded in higher symmetry groups. Labels J, J' . . . will be insufficient to specify n-particle states, and the reduced matrix elements of u+ will be complicated functions of additional quantum numbers, expressed in terms of the usual fractional parentage coefficients, so that nothing much is gained by expression (12 For the direct product subgroup U(Q) x U(k) of the full unitary group, the partial width formula, which is the direct generalization of eq. (12), has the form (appendix 1):
Here g(n) = y1 if VP0 denotes a one-body operator, Y(n) = -n(n-1) if 'p. denotes a two-body operator [as defined in eqs. (7) and (A.l)]; similarly for P(n) and cpi. The intensity coefficients, C, follow from the tensor decomposition of any given effective Hamiltonian and are given by eqs. (8) where Mcf, is the dimension of the representation Lf] of the symmetric group of degree IZ (permutation group of PZ particles). These permutation group dimension factors arise from the separation of the Wigner and Racah algebras of U(N) into separate Wigner and Racah algebras for U(G) and U(k). The final product of Racah coefficients also splits into two factors, the sums C and 2, involving products of Racah coefficients for the groups U(Q) and U(k), respectively. Now, the U-coe.iIicients are Racah coefficients for the higher unitary groups 1 5 -I'), written in a notation 16-r8) which is a straightforward generalization of that for the ordinary angular momentum recoupling coefficient in unitary form. The U-coefficients in the denominators, containing the scalar representation If] = [0], again are convenient ways of writing simple dimensional and phase factors. However, it is now particularly advantageous to express results in terms of such ratios of U-coefficients, since final results then become independent of specific phase conventions chosen for the unitary group Wigner coefficients (appendix 1). The techniques used to evaluate the higher unitary group Racah coefficients 1 5, 1 ") also lead to results which are expressed most naturally in terms of such ratios. For the higher unitary groups the coupling and recoupling coefficients are in general functions of multiplicity labels p. Since the direct product [f'] x LfO] is in general nut simply reducible, the coupling of representations If'] and u,,] can yield a specific representation [f] with a d-fold multiplicity, leading to independent coupled states IV'~~YO~L~~P>, with P = 1, 2, . . . d. Although the generalization of the angular momentum calculus to the higher unitary groups is plagued by this multiplicity problem, Biedenharn, Louck and collaborators 15) have shown that there is a canonical resolution to the multiplicity problem. In their view the unitary group Wigner and Racah coefficients are uniquely defined (with no arbitrariness in the choice of p). The averaging over states of an irreducible representation, however, not only eliminates all Wigner coefficients but also all details of the multiplicity structure. In the partial width formula the dependence on the multiplicity labels p survives only in a sum over p of a product of unitary group U-coefficients (appendix 2). This sum is completely independent of any specific choices made for the multiplicity label (they can be chosen "canonically" or in any arbitrary manner). The resultant sum is a function only of the irreducible representation labels fi, [Note that in the present application there is such a multiplicity labeling in only one of the four couplings which make up the recoupling transformation implied by the U-coefficients above, since the direct products [f] x lfi] are simply reducible in the special case when [fi] is any two-(or one-) particle or two-(or one-) hole representation.]
The sum over multiplicity labels p reduces the quantities ,Z and 2 to simple functions I') of the symmetry quantum numbers fi , . . . -2] . F or such irreducible tensors the quantities 1 and 2 will contain cross terms between the four possible types of two-body operators (see fig. 1 ) and between the four types of two-body operators and one-body operators. For the special case y-l] = lf(a3bc2d2e2. . .)I, however, the .Z for such cross terms are simply related to the Z for which [fi] = tf;], j-J;] = y'i]; [see eqs. fA.18) and (A.19) of appendix 21.
Isospin admixing
Isospin distributions have been discussed in detail 12) without the use of unitary group Racah algebra. Centroids and spectral widths have been calculated for both overall isospin and isospin configuration distributions by the use of the linear trace equivalents of Wand R2, where these carry the information contained in the invariant parts of these operators. The detailed application of the Racah algebra for U(Q) x U(Z), however, now makes it possible to give very explicit expressions for the partial widths, particularly the isospin breaking contributions to the widths connecting states T to T' # T. If these are compared to the centroid separations they give a measure of the amount of admixing of states T' into an average state of T. Since theformalismis that of discrete spectroscopy, however, and is therefore restricted to finite-dimensional shell model vector spaces involving only bound state single-particle orbits, such admixture coefficients give a measure only of the "internal" admixings (in the language commonly used to discuss isospin impurities). This restriction must be kept in mind since the "external" admixings involving scattering or continuum states are often of greater interest.
For the ,group U(a) x U(2) the partial width formula eq. (13), 'takes a particularly simple form. The irreducible representations, [f] and [f] 
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The intensity coefficients, C, are determined in terms of the effective single-particle energies, s,, for protons and neutrons in the orbit j,, with degeneracy QS = (2j,+ 1), and in terms of two-particle matrix elements between proton states. In the notation In this approximation the above intensity coefficient is given by . This result confirms conclusions drawn from detailed shell model calculations on the isospin purity of low-lying states in light nuclei 2'). Due to the long range nature of the Coulomb potential the major contributions of the Coulomb interaction to the isospin impurities do not come from specifically two-body effects of this two-body interaction but through the average Coulomb potential exerted on a valence proton by the core protons. In the framework of the present description, such effects are determined by the single-particle parameters Acs of eq. (18) . For nuclei in the 2s-ld shell, with (.s,+-.s~d&,~~~~~ = 495 keV (using the observed ground to first excited state separation in I'F), and (E~+--_E~&,~~~~,,,, = 871 keV (from I'O), and with the assumption that (sag-sd3) are the same for protons and neutrons (the experimental evidence is incomplete), the one-body intensity coefficient, C, eq. (21), has the value 0.118 MeV2. With the further assumption that two-body effects are completely negligible, the admixture coefficient for 28Si (PZ = 12, T = 0, T' = 1) is x2 (0, 1) = 0.0074. [Here a centroid separation, E,(l)-E,(O), of 2 MeV has been used; this is an average value for various effective interactions used successfully in the 2s-5d shell ").I The predicted T = 1 admixture into an average T = 0 state of "Si (the half-full shell nucleus) is thus 0.74 %, which is orders of magnitude larger than the impurities due to the specifically two-body effects of the Coulomb interaction.
The partial width formula can also be used to calculate the internal parts of the widths or the full spectral widths for isospin distributions. [Needed sums over Ucoefficients are tabulated in ref. 
{(Q+2)(Q-+z)[n(n+2)-4T(T+l)l} rn(Q -l)(Q + 1)[2(s2 +2)-J* C(ss, aa[21nP2]0) '
52(8--l)(Q+l) ([n(n+2)-4T(T+1)][~(n-2)(52-+)-T(T+1)1). (27)
For the single j-shell only the first two terms survive. For this case the spectral width has been given previously by French [cf. eq. 
[U(Q) x U(4)] symmetry: An application to the A = 25 system
Although results for isospin distribution can be obtained by alternate techniques, a detailed knowledge of the Racah algebra becomes vital if partial widths are to be calculated by simple techniques for the higher unitary groups, U(sZ)x U(k). The Wigner supermultiplet symmetry (k = 4) is of particular interest. The most interesting application will involve the U(6) x U(4) s y mmetry of the 2s-ld shell since this is an example of a useful symmetry for which considerable symmetry breaking must be expected. To gain a measure of the goodness of space symmetry (or Wigner supermultiplet) quantum numbers in the 2s"ld shell, it will be advantageous to calculate the admixture coefficients x2( ffl If']) of eq. (4) f or re p resentations tf] corresponding to the higher spatial symmetries. The partial width formula, eq. (13), can be used to calculate admixture coefficients x2( u] ffl]) f or any pair of irreducible representations of U(6) x U(4), p rovided the Ha~ltonian has been decomposed into irreducible tensor components under this symmetry group, An SU(3) x SU(4) tensor decomposition has recently been given "} for various modifications of the &o-Brown interaction for the 2s-ld shell. The full SU(6) x SU(4) tensor decomposition ") for these interactions can be achieved by a further coupling of the SU(3) tensor components by means of reduced SU(6) I> SU(3) Wigner coefficients 22V23). The SU(6) x SU(4) content is shown in table 1 for several of the effective two-body interactions which have been used in recent 2s-ld shell calculations. The table shows only the SU(6) x SU(4) content of the interactions, the coefficients C(C~~&~,,][~~]) of eq. (9), since this is the quantity of primary interest in the present application. The SU(6) x SU (4) content is obtained by summing over the SU (3) and Lo and S, and Me components of the interactions, [the sum over a, and /I0 of eq. (9)]. For example, the space symmetric-symmetric part of the interaction with SU (6) (33), (41), (14), (11) besides the (44), (60), (06), (22) Alternately, it may be convenient to express the operators cl", cl . s in terms of two-body irreducible tensor operators (see table 1 ).
Expressions for the centroids have been given by Parikh "). In terms of the irreducible tensor coefficients of eq. (8) A vital factor in the success of this calculation, however, has been the introduction of a (&L) dependent renormalization of the two-body interaction of the type proposed by Harvey 32) to account for core polarization effects (in place of the 3p-lh KuoBrown renormalization terms). To gain a further understanding of such renormalization terms, it may therefore also be interesting to study the A = 25 system with a larger part of the full shell model space and interactions which have been successful in lighter nuclei using the full (2s-ld)" space. Since calculations in an [SU(6) ZY SU(3)] x SU(4) basis with a much larger part of the shell model space are still prohibitively time consuming, it will be advantageous to use spectral averaging techniques to give at least a qualitative or semiquantitative measure of the admixtures of lower space symmetries [f] Table 2 shows that the two-body part of the central interaction used by AAS leads to remarkably little mixing of different space symmetries If]. For this interaction the mixing arises mainly from the single-particle part of H (the spin orbit term), leading to strong admixture coefficients for only one or two cf'] for each Ifl. For the (K+ 12fp) interaction the two-body part of the interaction makes important contributions to the symmetry breaking which reinforce the effect of the one-body spin orbit term. However, admixture coefficients are important only for symmetries [f] and [f' ] which can be connected by tensors of [21 4 ] symmetry, and each If] has strong connections to only one or two [f] . The symmetry breaking is even stronger for the PW interaction and becomes so large for the Darmstadt interaction that the SU(6) x SU(4) symmetry must be expected to break down completely for this interaction, precluding a truncation of the shell model space in terms of the space symmetries If]. For the (K+12fp) or AAS interactions, however, a truncation in terms of quantum numbers [f] should be expected to be valid. The only symmetries with significant direct admixtures into the dominant highest symmetry Although the partial width formula presented in this investigation does lead to a very simple a priori test for the goodness of SU(Q) x SU(4) symmetry for a major nuclear shell, the example of the A = 25 system does point up the additional compli-cations which arise if there is a strong symmetry associated with a subgroup of a higher symmetry group. Unfortunately it has not yet been possible to derive a formula for admixture coefficients for the representations of a subgroup imbedded in the SU(Q) x SU(4) group of a simplicity comparable to that derived in this investigation for the admixture coefficients for the SU(Q) x SU(4) group itself. Further work remains to be done to develop a simple, reliable, and complete a priori measure for the admixture of group representations.
It is a pleasure to acknowledge conversations with J. B. French and J. C. Parikh which formed the stimulus for much of this work. and the reality of the matrix elements of TrPoffo'ffol. The sums over subgroup labels CX, @ are easily evaluated if the matrix elements of T are expressed in terms of unitary group Wigner and Racah coefficients. The matrix element between two n-particle states 1 ~]a@> is reduced to the matrix elements of two-particle states by the usual c.f.p. expansion, where the full y2 to n-2 particle c.f.p. is factored into two parts, one for the U(Q) symmetry, the second for the U(k) symmetry. With k = 4, the factoring of the full c.f.p. is the familiar one into a space and a spin-isospin part, and is given by 33a34) ~~,~,r~,,~~,,<C~~*l~~*~~~l~~l~~~]~~~~~~~*l~~*~~~l~~~~~~ 6-W t It should perhaps be pointed out that this factoring into space and spin-isospin parts, based on the phase conventions of Jahn and Van Wieringen 33) or Elliott, Hope and Jahn 34), assumes that the states of If1 and u] transform contragrediently under a permutation of the n particles; see, e.g., eq. (lC!-23) of Bohr and Mottelson 35). It is often more convenient to use space and spin-isospin functions which transform identically under a permutation of the II particles. With this convention the above n to n-2 particle c.f.p. must be multiplied by an additional phase factor (-1)" ; see, e.g. a footnote in ref. "). This phase factor is important in determining the phase of a specific matrix element. However, since x is a function only of r], Y; 1, and If], it can be adsorbed into the phase conventions of the unitary group Wiguer coeibcients. Since the present applica~ons, which depend only on averages of products of matrix elements, will be shown to be independent of such phase conventions, all results will be independent of ;d.
To evaluate the sums over subgroup labels a", /?" cc2. . . it is convenient to make use of a symmetry property of the unitary group Wigner coefficients and the analagous relation for the U(k) Wigner coe~cients. As in all such sy~etry relations, the phase factor must include the conjugation phase factor q(c&J but is subject to phase conventions also in its overall dependence ,on The corresponding sum for the Wigner coefficients of the unitary group U(Q) is = ; <Cf'l~'rfIJl~olCfl~>, wY'lU;i" lCflC.f21~ c"f"lcfolP).
(A.13)
Here, the U-coefficient is a unitary group Racah coefficient ls -I*) written in a notation which is a straightforward generalization of that for the ordinary angular momentum recoupling coefficient in unitary form. Since the direct product If'] x yb] is in general ROE simply reducible, both the unitary group Wigner and Racah coefficients will depend on a multiplicity label p. The cc-sum cannot be expressed as a product of a single Wigner and Racah coefficient but invoIves a sum over the multiplicity label p. With the use of (A.13) and the correspon_ding result for the U(k) coefficients, the matrix element of a tensor operator TgoCfolCPol can be put into compact form. if the factor -n(n-1) is replaced by S(n) = +n, and if Lf"] are interpreted as (n-1) particle representations, while lfi] must in this case denote the representations [l] . By expressing the final matrix element in terms of the above ratio of Racah coefficients, the result becomes independent of specific phase conventions chosen for the unitary group Wigner coefficients.
Although the sum over multiplicity labels complicates the evaluation of any one specific matrix element, it will actually lead to s~plicity when such matrix elements are averaged over an irreducible representation If]_ Using (A.15), the sum over subgroup labels in (A. This finally leads to the partial width formula, eq. (13) of the text. The 
